We give a variational formula for the Chern-Simons invariants for a given bundle on a simplicial set with a connection using prismatic subdivision.
Introduction
Prismatic sets were introduced by Dupont and Ljungmann [8] in order to have the construction of an integration map in smooth Deligne cohomology. The author worked with the prismatic subdivision of a simplicial set S in connection with Lattice Gauge Theory [1] . In this paper, we give formulas for the difference of the Chern-Simons classes for a given bundle F → |S . | with a connection ω using prismatic subdivision, where |S . | is the geometric realization of S. We do the variation of the space of connections for Chern-Simons classes using prismatic constructions. The reason for using prismatic construction is that we work on locally trivial bundles where the combinatorial methods for calculating invariants depend on the use of simplicial complexes. In general, a fibre is not a simplicial complex but one can have its natural decomposition into prisms. The development of the theory of bundles, trivializations and transition functions in the setting of simplicial sets leads us to Chern-Weil and Chern-Simons theory. We recall the prismatic constructions, simplicial bundle and transition functions from Akyar and Dupont [3] . The transition functions lead us to define the classifying map which plays an important role for the variational formula. We give the connection in the bundle over the prismatic subdivision of a simplicial set S using the classifying map. In this work we give the evaluation of the Chern-Simons form for the prismatic subdivision and the variational formula for the Chern-Simons classes for a given bundle F → |S . | with a connection ω. This is our main result (Theorem 3.8) and this variation plays an important role in topological quantum field theory (see Witten [16] ). Fixing one of the connections in Theorem 3.8 and considering the evaluation of the Chern-Simons form on each simplex in the prismatic subdivision can be used as the Lagrangian of a quantum field theory. We give an example at the end of this section. Furthermore we interpret the Chern-Simons functional in terms of simplicial forms and Deligne cohomology for a general case.
Characteristic classes and Chern-Simons theory
In this section, we refer to Dupont [6] 
2) The corresponding cohomology class for
and it is called the Chern-Weil homomorphism.
is called the characteristic class of E corresponding to P , that is, 
Definition 2.2 (Simplicial form).
One can easily see that the form p in Definition 2.3 represents the second Chern class of the bundle ξ(ω), that is, Phillips and Stone [14] ). In general, T P is a real-valued invariant (2k − 1)-form on the total space E (see Chern and Simons [5] ). In order to compute a related formula for the variational formula of the Chern-Simons classes for a given bundle F → |S . | (see Akyar [2] for the definition of a bundle on a simplicial set) with a connection ω, we need the difference of ChernSimons forms considered as a difference of differential characters. We study a certain graded ringĤ * (M) for a smooth manifold M which is the ring of differential characters on M. If Λ ⊂ R is a proper subgroup, a differential character (mod Λ) is a homomorphism f from the group of smooth singular k-cycles to R/Λ, whose coboundary is the mod Λ reduction of some (necessarily closed) differential form w ∈ Ω k+1 (M). One can see that f uniquely determines not only w but a class u ∈ H k+1 (M, Λ) whose real image is cohomologous to the de Rham class of w. One can recall the Chern-Simons form as a differential character using a lift of Weil homomorphism due to Cheeger and Simons [4] as follows: 
where C Λ , C R are provided by the theory of characteristic classes and D R is the de Rham homomorphism, where Λ is a proper subring of R.
and F ω is the curvature form of ξ , where ξ ∈ ε(G) and ε(G) is the category of the objects which are triples ξ = (E, M, ω) with morphisms being connection-preserving bundle maps, then
and 
On the other hand, we have a ring which is given bŷ
There exists a unique natural transformation
commutes and S P ,u ∈Ĥ 2k−1 (M, R/Λ) is called the Chern-Simons class.
Theorem 2.6. (Cheeger and Simons
satisfying:
For a pair ([P ], u), we have the Chern-Simons class for ξ = (E, M, ω) with F ω k+1 = 0 (see Dupont and Kamber [7] ).
We can give a more geometric interpretation of the Chern-Simons class. 
Proof. We have
Here P (Fω) is the Chern-Simons form, J is the integration map, ψ : M →Ē/G = BG is the classifying map and ψ * s ∈ 
where T P( A)
is an algebraic expression in A.
Applications to gauge field theory
In this section, we evaluate the Chern-Simons form on a prismatic set for a given bundle F → |S . | with a connection ω using the prismatic subdivision of the simplicial set S. For clarification we recall some notations and explanations from 
In order to see how the prismatic subdivision appears, we recall the following example from Akyar and Dupont [3] .
Example 3.4 (Prismatic triangulation of a simplicial set).
Let f : S → { * } be a simplicial map of simplicial sets, where { * } is the simplicial set with one element in each degree and 
i , is given with face and degeneracy maps as inclusions.
Let us recall the transition functions from Akyar [2] for a given bundle over the realization of a simplicial set S and σ ∈ S p . Given a bundle F → |S . | and a set of trivializations, we get for each face τ of say dim τ
The bundle map Θ given by the diagram
LetP p S q 0 ,...,q p := S q 0 +···+q p +2p+1 be another prismatic set for a simplicial set S given with face and degeneracy operators inherited from the ones of S q+2p+1 (see Akyar and Dupont [3] ). There is a map h :
..,q p / ∼ is defined with the equivalence relation given similarly as described for |P . S . | .
The transition functions are used to define the classifying mapm : |P . S . | → BG (see also Akyar and Dupont [3] ), the mapm :F → EG and a connectionω inF → |P . S . | , whereF ∼ =m * (EG). We assume that we already have a connectionω in the bundleF → |P . S . | and the other oneω can be defined as
where ω γ is the universal connection in the universal bundle EG → BG. The bundle over |P . S . | enables us to find the variational formula of the Chern-Simons classes for the bundle over |S . |. Now, we compare these two connectionsω,ω inF → |P . S . | so that we give the variational formula of the ChernSimons class for F → |S . | withω andω as a difference form. We can conclude the main result as the following theorem. 
Example 3.10. Let us consider two different compatible transition functions corresponding to parallel transport functions by varying with respect to the parameter t in p , saying that t = t + λt. Varying t defines two different classifying maps which also determine two connectionsω 1 andω 2 in the bundleF → |P . S . | . The variational formula is given by 2 , as the variation of the connection for the Chern-Simons classes.
Note. Construction of a prismatic set which corresponds to the nerve of the covering by stars of vertices and a classifying map on it gives us a principal G-bundle with a connection and explicit formulas for characteristic classes via the usual Chern-Weil and Chern-Simons theory.
On the other hand, the Chern-Simons functional S P ,u (ω) can be used as the Lagrangian of a quantum field theory by fixing one of the connections, let us call it ω 0 and this leads us to path integrals Z (M) = e 2π i S P ,u (ω) dω over the space of all connections on the 3-manifold (see Freed [9] , Huebschmann [10] , Witten [16] , Dijkgraaf and Witten [11] , Rabin [15] ). Theorem 3.8 can be incorporated into the paper by Dupont and Ljungmann [8] . If one wants to have a better formula (see Theorem 1.1 in [8] ) one can use Deligne cohomology which leads a combinatorial version of the Chern-Simons function. In other words, Theorem 3.8 is a way to avoid the use of Deligne cohomology.
Note. WhenF → |P . S . | is topologically trivial, one usually takesω to be the trivial connection and S P ,u (ω) to be zero; for a flat connectionω, the forms T P(ω,ω ) are then closed and S P ,u (ω ) calculates the customary Chern-Simons invariants of the flat connectionω .
Another approach to integration with Deligne cohomology
The present work can be incorporated into the paper by Dupont and Ljungmann [8] . Now we can interpret p × q 0 ···qp P (Fω) given by (3.7) in terms of integration of simplicial forms and Deligne cohomology (in order to have a combinatorial version for (3.9)). If we fixω and only consider the first term in (3.9) we get a better formula for the Chern-Simons form on each simplex of |P . S . | . Let us recall some facts from [8] . 
